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Abstract. Let us consider a Banach space X with the property that every real- 
valued Lipschitz function / can be uniformly approximated by a Lipschitz, C - 
smooth function g with Lip(g) < CLip(/) (with C depending only on the space 
X). This is the case for a Banach space X bi-Lipschitz homeomorphic to a subset 
of co(r), for some set V, such that the coordinate functions of the homeomorphism 
are C 1 -smooth ([12]). Then, we prove that for every closed subspace Y C X and 
every C 1 -smooth (Lipschitz) function / : Y — > R, there is a C 1 -smooth (Lipschitz, 
respectively) extension of / to X. We also study C 1 -smooth extensions of real- 
valued functions defined on closed subsets of X. These results extend those given 
in [5] to the class of non-separable Banach spaces satisfying the above property. 

1. Introduction and main results 

In this note we consider the problem of the extension of a smooth function from 
a subspace of an infinite-dimensional Banach space to a smooth function on the 
whole space. More precisely, if X is an infinite-dimensional Banach space, Y is a 
closed subspace of X and / : Y — > R is a C fc -smooth function, under what conditions 
does there exist a C fc -smooth function F : X — > R such that Fi y = /? Under the 
assumption that Y is a complemented subspace of a Banach space, an extension of 
a smooth function / : Y — > R is easily found taking the function F(x) = f(P(x)), 
where P : X — » Y is a continuous linear projection. But this extension does not 
solve the problem since if a Banach space X is not isomorphic to a Hilbert space, 
then it has a closed subspace which is not complemented in X [15]. 

C. J. Atkin in [2] extends every smooth function / defined on a finite union of 
open convex sets in a separable Banach space which does not admit smooth bump 
functions, provided that for every point in the domain of /, the restriction of / to a 
suitable neighborhood of the point can be extended to the whole space. The most 
fundamental result has been given by D. Azagra, R. Fry and L. Keener [5, 6]. They 
have shown that if X is a Banach space with separable dual X*, Y C X is a closed 
subspace and / : Y — s> R is a C 1 -smooth function, then there exists a C 1 -smooth 
extension F : X — >• R of /. They proved a similar result when Y is a closed convex 
subset, / is defined on an open set U containing Y and / is C 1 -smooth on Y as 
a function on X (i.e., / : U — > R is differentiable at every point y € Y and the 
function Y i— >■ X* defined as y i— > f'(y) is continuous on Y). For a detailed account 
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of the related theory of (smooth) extensions to R n of smooth functions defined in 
closed subsets of R n see [5]. Let us point out that the case of analytic maps is quite 
different (see [1]). 

The aim of this note is to extend the results in [5] to the general setting of 
Banach spaces where every Lipschitz function can be approximated by a (^-smooth, 
Lipschitz function. By using the results of Lipschitz and smooth approximation of 
Lipschitz mappings given by P. Hajek and M. Johanis [11, 12] we shall extend the 
results in [5] to a larger class of Banach spaces. We proceed along the same lines 
as the proof of the separable case [5]. Additionally, we shall use the open coverings 
given by M. E. Rudin, and the ideas of M. Moulis [16], P. Hajek and M. Johanis 
[12]. 

The notation we use is standard. In addition, we shall follow, whenever possible, 
the notations given in [5] and [12]. We denote by || • || the norm considered in X and 
by B(x, r) the open ball with center x G X and radius r > . If Y is a subspace of 
X we denote the restriction of a function / : X — > R to Y by f\ Y and we say that 
F : X — > R is an extension of / : Y — ¥ R if F\ Y = f. Recall that Lip(/i) denotes 
the Lipschitz constant of a Lipschitz function h : Y — > R, where Y is a subset of a 
Banach space X. We refer to [7] or [8] for any other definition. 

Before stating the main results, let us define the property (*) as the following 
Lipschitz and C 1 -smooth approximation property for Lipschitz mappings. 

Definition 1.1. A Banach space X satisfies property (*) if there is a constant Co, 
which only depends on the space X, such that, for any Lipschitz function f : X — >■ R 
and any s > there is a Lipschitz, C 1 -smooth function K : X — >• R such that 

\f(x) - K(x)\ < e for all x G X and Lip(A) < C Lip(/). 

We may equivalently say that X satisfies property (*) if there is a constant Co, 
which only depends on X, such that for any subset Y C X, any Lipschitz function 
/ : Y — > R and any e > there is a C 1 -smooth, Lipschitz function K : X — > R such 
that 

\f(y) - K(y)\ < e for all y G Y and Lip(A') < C Lip(/). 

Indeed, every real-valued Lipschitz function / defined on Y can be extended to 
a Lipschitz function on X with the same Lipschitz constant (for instance F(x) = 
mf yeY {f(y)+Up(f)\\x-y\\}). 

Let us recall that every Banach space with separable dual satisfies property (*) 
[9, 12] (see also [5]). J.M. Lasry and P.L. Lions proved in [14] that in a Hilbert space 
H and for every Lipschitz function / : H — > R and every e > there exists a C 1 - 
smooth and Lipschitz function g : H — s> R such that \ f{x)—g{x)\ < e for every i£l 
and Lip(g) = Lip(/) (see also [4]). Let us notice that the approximation in [14] is 
for bounded functions. However it also works for unbounded Lipschitz functions. P. 
Hajek and M. Johanis have proved in [11] that for any set V, cq(T) satisfies property 
(*). Also, they give a sufficient condition for X to have property (*): if there is a 
bi-Lipschitz homeomorphism <p embedding X into co(r) whose coordinates e* o (p 
are C 1 -smooth, then X satisfies property (*) [12]. More specifically, they showed 
the following characterization: a Banach space X has property (*) and is uniformly 
homeomorphic to a subset of co(r) (for some set T) if and only if there is a bi- 
Lipschitz homeomorphism (p embedding X into co(r) whose coordinates e* o (p are 
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C -smooth. Let us note that there is a gap in the proof that WCG Banach spaces 
with a C 1 -smooth and Lipschitz bump function satisfy property (*) given in [10] 
and it is unknown if the result holds. 

We shall prove that, if X satisfies property (*) and Y is a closed subspace of X, 
then for every C 1 -smooth real-valued function / defined on Y, there is a (^-extension 
of / to X. 

Theorem 1.2. Let X be a Banach space with property (*). Let Y C X be a closed 
subspace and f : Y — > R a C 1 -smooth function. Then there is a C 1 -smooth extension 
off toX. 

Furthermore, if the given C 1 -smooth function f is Lipschitz on Y, then there is 
a C 1 -smooth and Lipschitz extension H : X — > R of f to X such that Lip(H) < 
CLip(/), where C is a constant depending only on X. 

Corollary 1.3. Let M be a paracompact C 1 -smooth Banach manifold modeled on a 
Banach space X with property (*) (in particular, any Riemannian manifold), and 
let N be a closed C 1 -smooth submanifold of M. Then, every C 1 -smooth function 
f : N — > R has a C 1 -smooth extension to M. 

A similar result can be stated, as in the separable case [5], if Y is a closed convex 
subset of X, / is defined on an open subset U of X such that Y C U and f : U —> R 
is C 1 -smooth on Y as a function on U, i.e. / : U —> R is differentiable at every point 
y £Y and the mapping Y \— > X* , y i— > f'{y) is continuous on Y . 

Theorem 1.4. Let X be a Banach space with property (*), Y C X a closed convex 
subset, U C X an open set containing Y and f : U — > R a C 1 -smooth function on Y 
as a function on U. Then, there is a ^-smooth extension of f\ Y to X. 

Furthermore, if the given C 1 -smooth function f is Lipschitz on Y, then there is 
a C 1 -smooth and Lipschitz extension H : X — > R of f\ Y to X such that Lip(H) < 
CLip(/| y ), where C is a constant depending only on X. 

Finally, we can conclude with the following corollary. 

Corollary 1.5. Let X be a Banach space such that there is a bi-Lipschitz homeomor- 
phism between X and a subset of cq(T), for some set T, whose coordinate functions 
are C 1 -smooth. Let Y C X be a closed subspace and f : Y — > R a C 1 -smooth function 
(respectively, C 1 -smooth and Lipschitz function). Then there is a C 1 -smooth exten- 
sion H of f to X (respectively, a ^-smooth and Lipschitz extension H of f to X 
with hip(H) < CLip(/), where C is a constant depending only on X). 

Corollary 1.6. Let X be one of the following Banach spaces: 

(i) a Banach space such that there is a bi-Lipschitz homeomorphism between 
X and a subset of cq(T), for some set T, whose coordinate functions are 
C 1 -smooth, 

(ii) a Hilbert space. 

Let Y C X be a closed convex subset, U C X an open set containing Y and f : 
U — > R be a C 1 -smooth function on Y as a function on U (respectively, ^-smooth 
on Y as a function on U and Lipschitz on Y). Then, there is a C 1 -smooth extension 
H of f\ Y to X (respectively, ^-smooth and Lipschitz extension H of f\ Y to X with 
Lip(.£f) < CLip(/i y ), where C is a constant depending only on X). 



1 



MAR JIMENEZ-SEVILLA AND LUIS SANCHEZ-GONZALEZ 



In Appendix A, we study under what conditions a real-valued function denned 
on a closed, non-convex subset Y of a Banach space X with property (*) can be 
extended to a C 1 -smooth function on X. 

2. The proofs 

The first result we shall need is the existence of C 1 -smooth and Lipschitz parti- 
tions of unity on Banach spaces satisfying property (*). Recall that a Banach space 
X admits C 1 -smooth and Lipschitz partitions of unity when for every open cover 
U = {U r } re Q of X there is a collection of C 1 -smooth, Lipschitz functions {V'iliei" such 
that (1) ipi > on X for every i E I, (2) the family {supp(^)}i e / is locally finite, 
where supp(V>i) = {x E X : ipi(x) ^ 0}, (3) is subordinated to U = {U r } re n, 

i.e. for each i E I there is r G SI such that supp^i) C U r and (4) X^e/ = ^ 
for every x E X. Also let us denote by dist(A,B) the distance between two sets A 
and B, that is to say inf{||a — b\ \ : a E A, b E B}. 

The following lemma gives us the tool to generalize the construction of suitable 
open coverings on a Banach space, which will be the key to obtain a generalization 
of the smooth extension result given in [5]. 

Lemma 2.1. (See M.E. Rudin [17],) Let E be a metric space, U = {{7 r } re n be an 
open covering of E. Then, there are open refinements {V^rjneN.rgn and {W n ,r}n&i,r€.n 
ofU satisfying the following properties: 

(i) V ntr C W n>r C U r for alln G N and r E ft, 

(ii) dist{V n , r ,E\ W n , r ) > l/2 n+1 for alln EN and r£fl, 

(iii) dist(WV, W n y) > l/2 n+1 for any n E N and r,r' Ett,r^ r' , 

(iv) for every x E E there is an open ball B(x, s x ) of E and a natural number n x 
such that 

(a) if i > n x , then B(x, s x ) fl Wi^ r = for any r E £1, 

(b) if i < n x , then B(x, s x ) R Wi r ^ for at most one r € £1. 

P. Hajek and M. Johanis [12] proved that if a Banach space X satisfies property 
(*) then X admits (^-smooth and Lipschitz partitions of unity, which is, in turn, 
equivalent to the existence of a u-discrete basis B of the topology of X such that 
for every B E B there is a C 1 -smooth and Lipschitz function ips '■ X — > [0, 1] with 
B = i/ ; ~ 1 (0,oo) ([12], see also [13]). It is worth noting that given an open covering 
{U r } r £Q of X, it is not always possible to obtain a C^-smooth and Lipschitz partition 
of unity {Vvjrgn with the same set of indexes such that supp(Vv) C U r . For example, 
if A is a non-empty, closed subset of X, W is an open subset of X such that A C W 
with dist(^4, X\W) = 0, and {ipi, ^2} is a C 1 -smooth partition of unity subordinated 
to {W,X \ A}, then tpi(A) = 1 and ipi(X \ W) = and thus -01 is not Lipschitz. 
Nevertheless, in order to prove Theorem 2.4 we only need the following statement. 

Lemma 2.2. Let X be a Banach space with property (*). Then, for every {U r } r ^ci 
open covering of X, there is an open refinement {Wn,r}neN,ren of {U r } r <zQ satisfying 
the properties of Lemma 2.1, and there is a Lipschitz and C 1 -smooth partition of 
unity {ip n ,r}ne^,ren such that supp(V>n,r) C W n ,r C U r and Lip(Vv) - C 2 5 (2 n - 1) 
for every n E N and r E £1. 

Proof. Let us consider an open covering {J7 r } re n of X. By Lemma 2.1, there are open 
refinements {K,r}neN,r-efi an d {Wn,r}neN,reSi of {U r } re u satisfying the properties 



SMOOTH EXTENSION ON BANACH SPACES 



5 



(i)-(iv) of Lemma 2.1. Consider the distance function D n (x) = dist(x, -X"\Urefi W nT ) 
which is 1-Lipschitz. By applying property (*), there is a C 1 -smooth, Co-Lipschitz 
function g n : X — > R such that \g n ( x ) — D n (x)\ < f° r every x G X. Thus 

> 2^ whenever x G \J r en V n,r and # n (x) < ^rw whenever x G -AUr-efi ^V- 
By composing g n with a suitable C°°-smooth function </? n : R — > [0, 1] with Lip(</? n ) < 
2 n+4 we obtain a C 1 -smooth function h n := ip n {9n) that is zero on an open set 
including X \ Urgn ^n,r? ^n|y nV =1 and Lip(/i n ) < Co2 n+4 . Now, let us define 

H\ = hi, and H n = h n (l — hi) • • • (1 — h n -i) for n > 2. 

It is clear that ^2 n H n (x) = 1 for all x £ X. Since supp(/i n ) C UreO ^n,r and 
W^n,r H V^n,r' = for every n G N and r / r', we can write /i n = ^rgn ^ri,rj where 
h n ,r{x) = h n (x) on W^r and supp(/t n)7 .) C W n|7 .. Notice that Lip(/i njT .) < Lip(/i n ) < 
Co2 n+4 . Let us define, for every r G f2, 

Vr,r = /ii,r> and = /i n ,r(l — hi) ■ ■ ■ (1 — /in-i) for each n > 2. 
The functions {Vvi,r}neN,ren satisfy that 

(i) they are C 1 -smooth and Lipschitz, with Lip(V> n r ) < Co ^=5 2 * = C 2 5 (2 n - 
1), 

(ii) supp (V>n,r) C supp(/i„ ir ) C W n>r , and 

(iii) for every x G X, 

Y ^nA x ) = Y ^A X ) + Y \Y Kr(x) J II ( X " fcO»0) = ^ ff n(a:) = 1- 
n.eN,reQ rGH n>2 \refi / i=l ngN 

□ 

An alternative proof of Theorem 2.4 uses the existence of the cr-discrete basis for 
X previously mentioned and the construction, as above, of suitable C 1 -smooth and 
Lipschitz partitions of unity subordinated to any subfamily of this basis. 

The following lemma is a necessary modification of property (*) to show the main 
results. 

Lemma 2.3. Let X be a Banach space with the property (*). Then for every subset 
Y C X , every continuous function F : X — > R such that F\ Y is Lipschitz, and every 
e > 0, there exists a C 1 -smooth function G : X — > R such that 

(i) \F(x) - G(x)\ < e for all x G X, and 

(ii) Lip(G| y ) < C Up(F lY ). Moreover, \\G'(y)\\ x * < C U P (F 1y ) for all y£Y, 
where Cq is the constant given by property (*). 

(iii) In addition, if F is Lipschitz on X , there exists a constant C\ > Co that 
depends only on X, such that the function G can be chosen to be Lipschitz 
on X and Lip(G) < CiLip(F). 

Proof. Assume that the function F : X — > R is continuous on X and F\ Y is Lipschitz. 
Since X admits C 1 -smooth partitions of unity, there is (by [7, Theorem VIII 3.2]) 
a C 1 -smooth function h : X — > R, such that \F(x) — h(x)\ < e for all x G X. Let 
F : X — > R be a Lipschitz extension of F\ y to X with Lip(F) = Lip(i<j y ). Let us 
apply property (*) to F to obtain a C 1 -smooth, Lipschitz function g : X —> R such 
that \F(x) — g{x)\ < e/4 for every x G X, and Lip(g) < CoLip(F| y ). Consider the 
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open sets A = {x G X : \F(x) - F(x)\ < e/4}, B = {i£l: \F(x) - F(x)\ < e/2} 
in X and the closed set C = {i £ I : |F(x) - < e/4} in X. Then Y C Ac 

C <Z B. By [7, Proposition VIII 3.7] there is a C 1 -smooth function u : X — > [0, 1] 
such that 



u{x) 



1 if x G C, 

ifxGA\5. 



Let us define G : X — > R as 

:= u{x)g{x) + (1 — u(x))h{x). 

It is clear that G is a C 1 -smooth function. Since = for all x G X \ B, we 
deduce that \F(x) - G(x)\ = \F(x) - h(x)\ < e for all x G X \ B. Now, if x G B, 
then - G(x)\ < u(x)\F(x) - g(x)\ + (1 - - h(x)\ < u(x)(\F(x) - 

F(x)\ + \F(x) — g(x)\) + (1 — u(x))\F(x) — h(x)\ < e. Finally, since u(x) = 1 and 
G(x) = g{x) for every x G A, we obtain that Lip(G| y ) = Lip(g| v ) < CoLip(F| y ) 
and \\G'{y)\\ x , = \\g'(y)\\x* < C G U V (F W ) for all y G Y. 

Let us now assume that F is Lipschitz on X. Let us apply property (*) to F and 
F (where F is a Lipschitz extension of F\ Y to X with Lip(i ? ) = Lip(i 7 ] y )). Thus, 
we obtain C 1 -smooth and Lipschitz functions g, h : X — > R such that 

(a) - g(x)\ < e/4, for all x £ X, 

(b) — < e, for every x G X, and 

(c) Lip( 5 ) < C7 Lip(^| i .) and Lip(/i) < C Lip(F). 

We take again the subsets A, B and C as in the previous case. Notice that dist(C, X\ 
B) > 4(Li p (_F)+Lip(F| — )) = e> ■ -^ e * us P rove that there is a C 1 -smooth, Lipschitz 
function u : X — > [0, 1] such that u(x) = 1 on C and u{x) = on X \ B, with 

Lip(w) < — "^-7- — P< ' ^— . Let us consider < r < e'/4, and the distance 
function D : X — > R, D{x) = dist(x,C). Since the function D is 1-Lipschitz, we 
apply property (*) to obtain a C 1 -smooth, Lipschitz function R : X — > R such that 
Lip(i?) < Co and \D(x) — R(x)\ < r for all Also, let us take a C 1 -smooth and 

Lipschitz function ip : R — > [0, 1] with (i) ip{t) = 1 whenever \t\ < r, (ii) tp{t) = 
whenever |t| > e' — r and (iii) Lip(^) < g7pz^ < ^r- Next, we define the C 1 -smooth 

function u : X — > [0, 1], = (p{R{x)). Notice that Lip(-u) < 9C ' Q ( Lip (- F )+ Lip ^ly^ _ 
Let us now consider G : X — > R as 



G(x) = u(x)g(x) + (1 — u(x))h(x). 

Clearly G is C 1 -smooth on X. We follow the above proof to obtain that \F(x) — 
G(x)\ <eonX, Lip(G, r ) = Lip(<7| y ) < G Lip(F| y ) and \\G'(y)\\ x . < C Lip(F| y ) 
for all y G Y. Additionally, if x G X \ B, then u(x) = 0, G(x) = h(x), and 
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\\G'(x)\\ x * = \\h'(x)\\x* < C Lip(F). For x G B, we have 

\\G'(x)\\ x * < 

< \\g{x)u'(x) + h(x)(l ~ u)'(x)\\ x * + \\u(x)g'(x) + (1 - u(x))ti (x)\\ x * < 

< \\(g(x) - F(x))u'{x) + (h(x) - F(x))(l - u)'(x)\\ x - + C7 Lip(F) < 

< (\g(x)-F(x)\ + \F(x)-F(x)\ + \h(x)-F(x)\)\\u'(x)\\x* +C Lip(F) < 

< | ■ »^M>W+W) + Co Lip(F) < 33C Lip(F). 
We define Ci := 33C and obtain that Lip(G) < CiLip(F). 

□ 

The following approximation result is the key to prove Theorem 1.2. Recall that 
the separable case was given in [5, Theorem 1]. 

Theorem 2.4. Let X be a Banach space with property (*), and Y C X a closed 
subspace. Let f : Y — > 1R be a C 1 -smooth function, and F a continuous extension of 
f to X . Then, for every e > there exists a C 1 -smooth function G : X — > M. such 
that if g = G\ y then 

(i) \F(x) - G(x)\ < e on X, and 
(h) \\f(y)-g'{y)\\Y* < e onY. 

(iii) Furthermore, if f is Lipschitz on Y and F is a Lipschitz extension of f to 
X, then the function G can be chosen to be Lipschitz on X and Lip(G) < 
C , 2Lip(i ? ), where Ci is a constant only depending on X. 

Proof. We follow the steps given in the proof of the separable case with the necessary 
modifications. Notice that by the Tietze theorem, a continuous extension F of / 
always exists. Since X is a Banach space, Y C X is a closed subspace and /' is a 
continuous function on Y, there exists {B(y 7 , r 7 )} 7g r a covering of Y by open balls 
of X, with centers y 7 E Y, ^ T, such that 

(2.1) \\f'(y,)-f'(y)\\Y*<^- o 

on S(y 7 ,r 7 ) n Y, where Co is the positive constant given by property (*) (which 
depends only on X). We denote i? 7 := i?(y 7 ,r 7 ). 

Let us define T 7 an extension of the first order Taylor Polynomial of / at y 7 given 
by T 7 (x) = f(y 7 ) + H(f'{y^)){x - y y ), for x € X, where H{f(yJ) G X* denotes 
a Hahn-Banach extension of /'(y 7 ) with the same norm, i.e. ||-£f(/'(y 7 ))||x* = 
I \f (2/7) I \y*- Notice that T 7 satisfies the following properties: 
(B.l) T 7 is C°°-smooth on X, 

(B.2) T^x) = H(f'(y y )) for all x G X, T^y) \ Y = f(y 7 ) for every y G Y, and 
(B.3) from (B.2), (2.1) and the fact that f? 7 n Y is convex, we deduce Lip((T 7 — 
F)knr)< sk- 

Since F : X — > ]R is a continuous function, and X admits C 1 -smooth partitions 
of unity, there is a C 1 -smooth function Fq : X — > R such that \F(x) — Fo(x)\ < | for 
every x G X. 

Let us denote B := X \ Y, E := V U {0}, and C := {Bp : (3 G £}, which 
is a covering of X. By Lemma 2.2, there is an open refinement {W n ^p\ n ^^ & ^ 
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of C = {Bp : P G £} satisfying the four properties of Lemma 2.1. In particular, 
W n fi C Bp and for each x G X there is an open ball B(x,s x ) of X with center x 
and radius s x > 0, and a natural number n x such that 

(1) if i > n x , then B(x, s x ) fl W i)/g = for every /3 G E, 

(2) if i < n x , then B(x, s x ) n VFj^ 7^ for at most one j3 G £. 

There is, by Lemma 2.2, a C 1 -smooth and Lipschitz partition of unity {ip n ,/3}nen,j3e'S 
such that supp(^ njj g) C W Hi p C -Bg and Lip(^ n ^) < Co2 5 (2 n — 1) for every (n,(3) G 
N x S. 

Let us define £ n „s := max {Lip(V'n,/3)) 1} f° r every n G N and /3 G X. Now, for 
every n G N and 7 G T, we apply Lemma 2.3 to T 7 - F on i? 7 n Y to obtain a 
C 1 -smooth map b nri : X — > M. so that 

(C.l) |T 7 (x) - F(x) - 5 n „(x)\ < — r§j — for every x e X 

and 

(C.2) K, 7 G/)IU* < I for every y G B 7 n Y. 

From inequality (2.1), (B.2) and (C.2), we have for all y G B 1 n Y, 

||T 7 (y) - f(y) - < 7 (y)||y. < ||T 7 (y) - f(y)\\ Y , + \\5' nr/ (y)\\ Y , < J. 

Notice that in the above inequality we consider the norm on Y* (i.e. the norm of 
the functional restricted to Y). Let us define 



(2.2) A2(x) 



F (x) if/3 = 0, 

T p {x)-5 n ^{x) if per. 

Thus, |A^(x) — F(x)\ < I whenever n G N, /3 G S and x G -Bg. We now define 

G(x) = ^(x)A^(x). 

(n,/3)GNxS 

Since {VVi,/3}n.eN,/3eE is locally finitely nonzero, then G is C 1 -smooth. Now, if x G X 
and ip ni p(x) 7^ 0, then x G -B/3 and thus 

\G(x)-F(x)\< ^nAx)\^)-n*)\< E ^(x)|<e. 

(n,/3)eNxS (n,/3)eNxE 

Let us now estimate the distance between the derivatives. From the definitions 
given above, notice that: 

(D.l) Since EnxE ^n,/3( x ) = 1 f° r an 2; G X, we have that EnxeV^ sC^) = ^ fo p 
all x € X. 

(D.2) Thus, we can write f{y) = EnxsC^Ci/))^/^) + EnxE V^WClO. for 

every y G Y. 
(D.3) supp(V>n o)cB = I\Y, for all re. 

(D.4) G'(z) ='EnxE< /3 (^)A^(x) + EnxE^(x)(A^)'(x), for all 
(D.5) If 5 = G, y then c/(y) = EnxE O)l^(y) + EnxE ^(y)(A^(y)| y , 
for every y G Y. 
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(D.6) Properties (1) and (2) of the open refinement {W n)J g} imply that for every 
x G X and n G N, there is at most one j3 G E, which we shall denote by 
(3 x (n), such that x G supp(-f/> ni( g). In the case that y £Y, then /^(n) G T. We 
define F x := {(n, (3) G N x £ : x G supp(^ ni/ 3)}. In particular, F 9 C N x T, 
whenever y £7, 

We obtain, for j/GF, 
(2.3) 

\\g'(y)-f'(y)\\Y* < 

< E ll</3(y)IMW-/(y)-My)l 

+ E ^j(y)R(y)-/ , (v)-^(y)l|y < 

(n,/3)GF !/ 

< E L ™ l T /3 y (n) (2/) -f(y)~ S n,Py(n) (y)\ + 
{n:{n,Py{n))eF v } 

+ E ^aw^II^w^) - /'(y) - 6' n , Mn) (y)\\Y* < 

{n:(n,/3 y (n))eF y } 

^ E ( L n,Py(n) 2 » +2L £ + ^ \ + | < £ ' 

{n:(n,P y (n))eF y } n '^ n > 

where all the functionals involved are considered restricted to Y . 

Let us now consider the case when / is C 1 -smooth and Lipschitz on Y and F 
is a Lipschitz extension of / on X. In this case, we can assume that / is not 
constant (otherwise the assertion is trivial) and thus Lip(F) > Lip(/) > 0. Let 
us fix < e < Lip(i ? ). If we follow the above construction for the open covering 
{i?/3}/3 e s of X satisfying the conditions (2.1), (B.l), (B.2) and (B.3), we additionally 
obtain 

(B.4) T/3-F is Lipschitz on X and Lip^-F) < Lip(/) + Lip(F) for every /3 G T. 

Also, the construction of the open refinement {W nw g} ne N,/3eE of C = {Bp}^^, the 
Lipschitz partition of unity {V'n^jneN./SeS and the definition of L n $ are similar to 
the previous case (recall that S = T U {0} and Bq = X \ Y). 

Now, for any n G N and /3 G T, we apply Lemma 2.3 to Tp — F on Bp n Y to 
obtain a (^-smooth map 5 n ^ : X — > R satisfying conditions (C.l) , (C.2) and 

(C.3) Lip(<5 ni/3 ) < d Lip(2> - F) < d(Lip(/) + Lip(F)). 

Besides, for all n G N and j3 = 0, by applying property (*), we select a C 1 -smooth 
function FJ 1 : X — > K, such that 

|F n (x) - < 2 £ for every z G X and Lip(F ") < C Up(F). 



Thus, if we define AJj : X 



(2.4) A£(* 



F "(x) if = 0, 

W - 6 n , p (x) if per, 
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we obtain for every j3 G E, 

|A^(a;) — F(x)\ < - , 2 whenever x € X 

and Lip(A") < max{(l + Ci)Lip(/) + Ci Lip(F), C Lip(F)} < RLip(F) where 
R := 1 + 2Ci is a constant depending only on X. Similarly to the first case, the 
definition of G is 

G(x) = Yl ^s(z)A^). 

(ra,/3)eNxS 

The proofs that G is C 1 -smooth, |G(2;) — F(x)\ < e for all x E X and ||<7'(y) — 
f'{v)\\Y* < e for all y E Y (recall that # = follow along the same lines. 

In addition, let us check that G is Lipschitz. From properties (D.l) to (D.6), in 
particular from the fact that Yl(n p)&F x p{ x ) = 0> we deduce that 

(2.5) 

\\g'{x)\\ x *< \WnA x )\\xA^)~F^)\+ E Mx)mW(x)\\x. < 

(n,p)&F x (n,/3)eF x 

< Yl L ^,P(n) 2 n+2L + E ^„,^(„)(x)i2Lip(F) < 
{n:(n,/3(n))eF4 n ^ n > {n:(n,(3(n))&F x } 

< | + i?Lip(F). 

Since e < Lip(i ? ), then Lip(G) < C2 Lip(F) where C2 '■= R + \ and this finishes the 
proof. □ 

The above theorem provides the tool to prove the extension Theorem 1.2, which 
states that every C 1 -smooth function (C 1 -smooth and Lipschitz function) defined on 
a closed subspace has a C 1 -smooth extension (C 1 -smooth and Lipschitz extension, 
respectively) to X. 

Proof of Theorem 1.2. For every bounded, Lipschitz function, h : Y — > R, we define 
h(x) := min{| |oo, infj /g y{/i(y) + Lip(/i)||x — y\\}} for any x € X. The function 
h is a Lipschitz extension of h to X with Lip(/i) = Lip(/i) and ||/i||oo = IHloo = 
sup{|%)| :y G Y}. 

Let us assume that the function / : Y — > R is C 1 -smooth and consider F : X — > R 
a continuous extension of / to X and e > 0. We apply Theorem 2.4 to deduce the 
existence of a C 1 -smooth function G\ : X — > R such that if g\ := Gi| y , we have 

(i) \F{x) - Gi(x)| < e/2 for and 

(ii) \\f'(y) — g'i{y)\\Y* < &/2C2 for y £ Y. Since Y is convex, then we have 
Lip(/-2i) <e/2C 2 . 

The function f — g\ is bounded by e/2 and T^-Lipschitz on Y . Thus, there exists 

a bounded, Lipschitz extension to X, f — gi, satisfying |(/ — g\){x)\ < e/2 on X 
and Lip(/ — g\) < e/2C2- Following the construction given for the separable case 
[ i], we apply Theorem 2.4 (Lipschitz case) to / — g\ to obtain a C 1 -smooth function 
G2 '■ X — > R such that if g 2 := G 2 | y , we have 

(i) \(f- gi )(x) - G 2 (x)\ < e/2 2 for xeX, 

(ii) \\f'{y) - (g[(y)+g 2 (y))\\Y* < e/2 2 C 2 for y E Y, and 

(iii) Lip(G 2 ) < C 2 Lip(/ - 9l ) < e/2. 
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Thus, we find, by induction, a sequence {G n }J^ =1 of C 1 -smooth function such that 
for n > 2, the functions G n : X — > R and their restrictions g n := G n \ Y satisfy: 

(i) l(/ " S»C*0 ~ G n{*)\ < e/2 n for x G X, 

i=l 

n 

(ii) \\f'(y) -J2^(y)\\ Y > < e/2 n C 2 for y G Y, and 

i=l 

n-1 

(iii) Lip(G n ) < C 2 Lip(/ - Y,9i) < e/2 n -\ 

i=i 

Let us define the function H : X — > R as .ff(x) := J2^=i G n (x). Since |G n (x)| < 
e/2 n ~ 2 and < Lip(G n ) < e/2 n ~ 1 for all x £ X and n > 2, the series 

X^^Li G n and X^^Li are absolutely and uniformly convergent on X. Hence, the 
function H is C 1 -smooth on X. It follows from (i) that \f(y) — J2i=i Gi(v)\ < ^/2 n 
for every y € Y" and n > 1. Thus H(y) = f(y) for all y G Y. 

Let us now consider / : Y — > R, C 1 -smooth and Lipschitz on Y. Let -F : X — > R 
be a Lipschitz extension of / with Lip(F) = Lip(/). We may assume Lip(/) > 
(otherwise the result trivially holds) and take < e < Lip(/). Let us apply Theorem 
2.4 (Lipschitz case) to obtain a C 1 -smooth function G\ : X — > R such that if g\ := 
we have 

(i) \F(x) - Gi{x)\ < e/2 for xeX, 

(ii) \\f\y) - g'MWv* < e/2C 2 for y G Y, and 

(iii) Lip(Gi) <C 2 Lip(/). 

Let us define G n : X — > R for n > 2 as in the general case and H(x) := Yl^Li G n (x). 
Then, H is C 1 -smooth, H\ Y = f and 

oo oo 

Lip(ff) < Lip(Gi) + Li P( G «) ^ C 2 Lip(/) + ^ < (C 2 + 1) Lip(/). 

n=2 n=2 

□ 

The proof of Corollary 1.3 is similar to the separable case [5]. (Recall that a para- 
compact C 1 manifold M modeled on a Banach space admits C 1 -smooth partitions 
of unity whenever the Banach space where it is modeled does.) 

An analogous result to Theorem 2.4 can be stated for a smooth function defined 
on a closed, convex subset Y of X with the required conditions given in Theorem 
1.4. Let us sketch the required modifications of the proof: first, in the non-Lipschitz 
case, we take -ff(/'(y^)) = /'(yp) and we evaluate the norms of the functionals in 
X* rather than in Y*. Secondly, in the Lipschitz case, there is no loss of generality 
in assuming that G Y. Then, it can be easily checked that ||/'(y)| z ||z* ^ Lip(/) 
for all y G Y, where we define Z := span(Y). Next, we select a continuous linear 
extension of f'(yp)\ z to X with the same norm and denote it by H{f'(yp)) for every 
f3 G T (i.e. \\H{f'{yp))\\x* < Lip(/)). In this case, assertion (ii) in Theorem 2.4 
reads as follows: \\f'(y)—g'(y)\\z* < £ for every y G Y. Finally, the proof of Theorem 
1.4 is similar to the proof of Theorem 1.2. 
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3. Appendix. C -smooth extensions of certain C -smooth functions 

DEFINED ON CLOSED SUBSETS OF A BANACH SPACE. 

Let us finish this note by studying the case of the C 1 -smooth extension of a real- 
valued function / defined on a (possibly non-convex) closed subset Y of a Banach 
space X with property (*). Unfortunately, we can find examples of a real- valued 
function / defined on an open neighborhood U of a (non-convex) closed subset Y of 
R such that f : U — > R is differentiable at every point y &Y, the mapping Y i— y R, 
y i — y f'(y) is continuous on Y and /i y does not admit any C 1 -smooth extension to 
R. Thus, in general, we cannot obtain a similar statement to Theorem 1.4 for a 
non-convex closed subset Y of X. It is worth pointing out that, by an application of 
the Mean Value Theorem, if / : Y — > R admits a C 1 -smooth extension H : X — > R, 
then, setting D{y) := H'(y) £ X* for y G Y, we have the following mean value 
condition: 

(E) for all y G Y, for all e > 0, there exists r > such that 

\f(z) - f(w) - D(y)(z - w)\ < e\\z - w\\, for all z,w G Y n B(y,r). 

Definition 3.1. 7/ Y is a closed subset of a Banach space X, let Z := span{y — y' : 
y, y' G Y}. Let f : Y — > R and let D :Y ^ Z* a continuous mapping. We will then 
say that f : Y — > R satisfies condition (E) for D if the statement (E) is true. 

Thus, condition (E) is necessary to extend / : Y — » R to a C 1 -smooth function 
H : X — > R. Moreover, the next result states that condition (E) is also sufficient in 
spaces with property (*). 

Theorem 3.2. Let X be a Banach space with property (*), Y C X a closed subset 
and f : Y — > R a function on Y . Then, f satisfies condition (E) if and only if there 
is a C 1 -smooth extension H of f to X. 

Furthermore, assume that the given function f is Lipschitz on Y. Then, f sat- 
isfies condition (E) for some continuous function D : Y — > Z* with sup{j|D(y)||^* : 
y G Y} < co if and only if there is a C 1 -smooth and Lipschitz extension H of f to 
X. In this case, if f satisfies condition (E) for D with M := sup{j|D(y)j|^» : y G 
Y} < oo, then we can obtain H with Lip(H) < (1 + C\){M + Lip(/)), where C\ is 
the constant defined in Lemma 2.3. (Recall that C\ depends only on X.) 

The proof of Theorem 3.2 follows the same lines as Theorem 1.2. It can be 
deduced from Lemmas 2.2, 2.3 and the following statement, which is similar to 
Theorem 2.4. 

Theorem 3.3. Let X be a Banach space with property (*), Y C X a closed subset 
and f : Y — > R a function satisfying condition (E) for some continuous function 
D : Y — > Z* . Let us consider F a continuous extension of f to X. Then, for every 
e > there exists a C 1 -smooth function G : X — > R such that if g := G\ Y then 

(i) \F(x) - G{x)\ <e on X, and 

(ii) \\D{y) - G'{y)\\ z * < e for all y G Y and Lip(/ - g) < e. 

(iii) Furthermore, assume that f is Lipschitz on Y , F is a Lipschitz extension of 
f to X and M = sup{||D(y)||x* : y G Y} < oo. Then the function G can be 
chosen to be Lipschitz on X and Lip(G) <§ + (! + C\)M + C\ Lip(F). 
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Let us outline the required modifications of the proof of Theorem 3.3. The 
covering {B(y 1 ,r 1 ) := i? 7 } 7g r of Y by open balls of X with centers y 7 G Y is 
selected in such a way that 



\D(y) - D(y 7 )\\ z » < ^- and \f(z) - f(w) - D(y 7 )(z - w )\ < JL\\ Z - w\ 



for every y,z,w G B 7 fl Y (this can be done because / satisfies condition (E) for D). 
In this case, T 7 is defined as T 7 (x) = /(y 7 ) + D{y 1 ){x — y 7 ), for where D(y 7 ) 

is an extension of -D(y 7 ) to X with the same norm. The functions T 7 are C°°-smooth 
on X, T'(x) = D(y 7 ) for all x G X and satisfy that for all z, w G -B 7 fl Y, 

|(T 7 - F)(*) - (T 7 - F)H| = |/H - /(z) - D(y 7 )(w - z)\ < ^\\z - w\\. 

Thus, Lip((T 7 — i ? )|s 7 ny) < g§^- We can apply Lemma 2.3 to T 7 — F on B 7 n 7 to 
obtain a (^-smooth map 5 n)7 : X — > R satisfying (C.l), (C.2) and 

(C2') Lip(« 7 )| fl7ny ) < | . 

From the above, we deduce that, for all y G £? 7 n y, 

||r 7 (y) - D(y) - 6' n J z * < J and Lip((T 7 — F - 5 n ^ nY ) < J. 

The inequality ||-D(y) — G"(y)||z* < e follows as in (2.3) (in the proof of Theorem 
2.4). Let us prove that Lip(y — f) < e, where g = G\ Y . In order to simplify the 
notation let us write SJ^(y) := A2(y) — /(y) for y G Y (where A« is defined as in 
(2.2)), and R(y,z) := E(n,/3) G F y ^n,p{ z ) S p(y) for V^ Z ^ Y - Notice that V'Cn.M*) = 
whenever (n, /3) F z and thus, i?(y, z) = J2( n ,p)£F y nF z ^n,p(z)S^(y) for y, z G F. In 
addition, let us write M(z,y) := Y.(n,p)&F z \F y ^n,p{y)S^{z) = for y, z G Y\ Now, 
from the above and properties (D.l) to (D.6), we obtain 

\(g(y)-f(y))-(g(z)-f(z))\ = 

= 1 £ Mv)S$(y)- E 1> n ,p(z)S%(z)-R(v,z) + R(y,z) + M(z,y)\ = 

{n,P)eF y (n,P)£F z 

= l( E ^(y)^(y)-i?(y,z)) + (i?(y,z)- ]T Mz)S$(z)) 

(n,P)GF y (n,P)eF z r\F y 

+ (M(z,y)- £ ^(^(z))|< 

(n,/3)GF z \F y 

< E l^(y)-^(*)|IWI + E 

(n,P)£F y (n,P)eF z nF v 

+ E l^n,|8(l/)-^W||^W| < E Wl^-^ll 2 n+ 2 g L + 
(n,P)£F z \F y (_n,P)£F y nfi 



+ E ^n,/3(«)|l|y-^l + E - A\ 2^§z — <z\\y-z\ 



(n,P)£F z nF y (n,P)eF z \F y 

In the Lipschitz case, we additionally obtain that Tg — F is Lipschitz on X and 
Lip(T /3 - F) < Lip(T /3 ) + Lip(F) < M + Lip(F) for every /3 G T. Thus, £ nij8 : 
X — > R satisfies conditions (C.l), (C.2), (C.2') and Lip(5 ni/3 ) < C , iLip(T /3 - F) < 
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Ci(M+Lip(F)). Also, if A™ is defined as in (2.4), then Lip(A") < max{(l+Ci)M+ 
d Lip(F), C Lip(F)} = (1 + Ci)M + Ci Lip(F). Similarly to (2.5), we obtain the 
following upper bound, 

\\G'{x)\\ x * < 6 - + {l + C 1 )M + C l lA V {F). 

(Recall, that here we do not assume e < Lip(F).) This finishes the required changes 
for the proof of Theorem 3.3. 

Let us give also the necessary modifications for the proof of Theorem 3.2. In 
this case, we apply Theorem 3.3 to deduce the existence of a C 1 -smooth function 
G\ : X — > R such that if g\ := Gu Y , we have 

(i) \F(x) - Gi(x)| < for xeX, 

(ii) \\D(y) - G[(y)\\ z * < 2(i+c\) for all f e7 and u P(f ~ 9i) < 2 (i+Ci) - 

The function f—gi satisfies condition (E) for D—G\. Thus, we apply again Theorem 
3.3 (Lipschitz case) to / — g± to obtain a C 1 -smooth function G 2 '■ X — > R such that 
if §2 ■= G 2 \ Y , we have 

(i) \(f ~ 9i)(x) - G 2 ( x )\ < 2 2 (1+C*i) ^ OT X G 

(ii) ||Z>(y) - (GUl/) + G' 2 (y))||^ < for all y € Y, Lip(/ - ( 5l + g 2 )) < 

2 2 (1+C*i)' alld 

(iii) Lip(G 2 ) <^ + e. 

We find, by induction, a sequence {Gn}^^ of C 1 -smooth function such that for 
n > 2, the functions G n : X — >• R and their restrictions y n := G n | y satisfy: 

(i) KZ-E^sOCx) - G n (x)\ < for 

(ii) \\D(V) ~ ZtiG'i(v)\\z* < ^HTcT) for V e y ' Li P(/ " T2=i9i) < 2^TTcI7' 
and 

(iii) Lip(G n ) < 1^ + ^ =7 . 

In the Lipschitz case and for e < |Lip(/), we obtain the upper bound, Lip(i?) < 
(1 + G 1 )(M + Lip(/)). 

□ 

It is worth pointing out the following corollary, where a characterization of prop- 
erty (*) is given. 

Corollary 3.4. Let X be a Banach space. The following statements are equivalent: 

(i) X satisfies property (*). 

(ii) Assume that f : Y — >■ R is a Lipschitz function satisfying condition (E) 
for some continuous function D : Y — > Z* with M := sup{| \D(y)\ \z* ■ 
y 6 Y} < 00. Then, there is a C 1 -smooth and Lipschitz extension of f to 
X, H : X -)• R, with Lip(if) < G 3 (M + Lip(/)) (Wiere G 3 is a constant 
depending only on the space X). 

Proof. We only need to check (ii) => (i). By [12, Proposition 1] it is enough to 
prove that there is a number K > 1 such that for every subset A C X there is a 
C 1 -smooth and i^-Lipschitz function Ha '■ X — > [0, 1] such that Ha{x) = for x € A 
and hA{x) = 1 for every x £ X such that dist(x, A) > 1. For every subset A of X, 
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we consider the closed subsets B = {x € X : dist(x, A) > 1} and Y = A U B of X. 
Let us define the function / : Y —> R as 



if x £ A, 
if x e B. 



It is clear that / is 1-Lipschitz and satisfies condition {E) for the continuous function 
D : Y -> Z*, D(y) = for every y £ Y (thus, sup{||D(y)||z* : y € Y} = 0). 
By assumption, we can find a (^-smooth and C"3-Lipschitz extension of / to X, 
H : X -» R such that = for all x e A and H(x) = 1 for all x € B. We take 

a 2-Lipschitz and C°°-smooth function 9 : R — > [0, 1] such that 0(t) = whenever 
t < 0, and 0(t) = 1 whenever i > 1. Let us define ^(x) = 6{H{x)). The C 1 -smooth 
function /i^ : X — > [0, 1] is 2C3-Lipschitz, hj^(x) = for x £ A and 1ia(x) = 1 for 
x € B. □ 

Notice that the following assertion can be proved along the same lines: if every 
real- valued function defined on a closed subset of a Banach space X and satisfying 
condition (E) has a C 1 -smooth extension to X, then every real-valued, continuous 
function on X can be uniformly approximated by C 1 -smooth functions. In fact, both 
properties are equivalent in the separable case to properties (i) and (ii) of the above 
corollary. 

Finally, let us mention, that after submitting the paper to the journal, we were 
informed of the final version of [12], where a similar statement to Lemma 2.2 is 
established. In any case, we have decided to keep this lemma in order to give a more 
self-contained proof of the main result. 



References 

[1] R. Aron and P. Berner, A Hahn-Banach extension theorem for analytic maps, Bull. Soc. Math. 

France 106 (1978), 3-24. 
[2] C.J. Atkin, Extension of smooth functions in infinite dimensions I: unions of convex sets, 

Studia Math. 146 (3) (2001), 201-226. 
[3] D. Azagra, R. Fry and A. Montesinos, Perturbed Smooth Lipschitz Extensions of Uniformly 

Continuous Functions on Banach Spaces, Proc. Amer. Math. Soc. 133 (2005), 727-734. 
[4] D. Azagra, J. Ferrera, F. Lopez-Mesas, Y. Rangel Smooth approximation of Lipschitz functions 

on Riemannian manifolds, J. Math. Anal. Appl. 326 (2) (2007), 1370-1378. 
[5] D. Azagra, R. Fry and L. Keener, Smooth extension of functions on separable Banach spaces, 

Math. Ann. 347 (2) (2010), 285-297. 
[6] D. Azagra, R. Fry and L. Keener, Corrigendum to "Smooth extension of functions on separable 

Banach spaces", preprint. 
[7] R. Deville, G. Godefroy and V. Zizler, Smoothness and renormings in Banach spaces, Pitman 

Monographs and Surveys in Pure and Applied Mathematics vol. 64, (1993). 
[8] M. Fabian, P. Habala, P. Hajek, V.M. Santalucfa, J. Pelant and V. Zizler, Functional Analysis 

and Infinite- Dimensional Geometry, CMS Books in Math. vol. 8, Springer- Verlag, New York, 

(2001). 

[9] R. Fry, Approximation by functions with bounded derivative on Banach spaces, Bull. Austr. 
Math. Soc. 69 (2004), 125-131. 

[10] R. Fry, Approximation by Lipschitz, C p smooth functions on weakly compactly generated Ba- 
nach spaces, J. Funct. Anal 252 (2007), 34-41. 

[11] P. Hajek and M. Johanis, Uniformly Gateaux smooth approximation on co(F), J. Math. Anal. 
Appl. 350 (2009), 623-629. 

[12] P. Hajek and M. Johanis, Smooth approximations, J. Funct. Anal. 259 (3) (2010), 561-582. 



16 



MAR JIMENEZ-SEVILLA AND LUIS SANCHEZ-GONZALEZ 



[13] K. John, H. Toruriczyk and V. Zizler, Uniformly smooth partitions of unity on superreflexive 

Banach spaces, Studia Math. 70 (1981), 129-137. 
[14] J.M. Lasry and P.L. Lions, A remark on regularization in Hilbert spaces, Israel J. Math. 55 

(3) (1986), 257-266. 

[15] J. Lindenstrauss and L. Tzafriri, On the complemented subspaces problem, Israel J. Math. 9 
(1971), 293-345. 

[16] N. Moulis, Approximation de fonctions differentiates sur certains espaces de Banach, Ann. 

Inst. Fourier (Grenoble) 21 (1971), 293-345. 
[17] M.E. Rudin, A new proof that metric spaces are paracompact, Proc. Amer. Math. Soc. 20 (2) 

(1969), 603. 

Departamento de Analisis Matematico, Facultad de Matematicas, Universidad Com- 
plutense, 28040 Madrid, Spain 

E-mail address: marjim@mat.ucm.es, lfsanche@mat.ucm.es 



